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Metrics on probability distributions

Measuring distances between probability distributions (or measures) is important for
many domains, including:

Machine Learning
Classification (computing losses/gradients on predictions)
Domain adaptation
Distributional reinforcement learning

Computational Statistics

Studying convergence properties of Monte Carlo samplers (“How far is my
sampler from convergence?”)

Hypothesis testing
Operations Research

Solving supply chain/transportation problems
And more...

There is a lot of flexibility in choosing a probability metric; it can be easy to not give
as much thought as we ought to as to how we should measure these distances...
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Motivating problems
How to compare probability distributions?

e

/\/_\ VS.
A ||
Kullback-Leibler divergence

KL(qllp) = Ex~q [log(a(X)/p(X))]

+ Connections to information
theory/max-likelihood
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Motivating problems

How to compare probability distributions?

,///—\u///<\\\\k VS. ,jﬁ\\\g_‘g-\\‘~\
/\4/\ VS. w‘
Kullback-Leibler divergence

KL(qllp) = Ex~q [log(q(X)/p(X))]

+ Connections to information
theory /max-likelihood

q target distribution, p approximating distribution.

With samples xi, ..., Xn iq g, minimising the KL estimator
min KL(allp) = Zlog(q x)/p(x))

is exactly maximum likelihood estimation.

Very well-understood, supported by a lot of statistical theory e.g. Cramér-Rao
information-theoretic lower bound.
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Motivating problems
How to compare probability distributions?

e

/\/_\ VS.
A ||
Kullback-Leibler divergence

KL(qllp) = Ex~q [log(a(X)/p(X))]

+ Connections to information
theory /max-likelihood

+ Unbiased (gradient) estimators via
samples from p

p target distribution, gy parametrised approximating distribution.

Can compute unbiased gradients @gKL(ngp) by sampling from g and using score
estimator (REINFORCE)/reparametrisation trick.

3/33



Motivating problems
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Motivating problems
How to compare probability distributions?

e

/\/_\ VS.
A ||
Kullback-Leibler divergence

KL(qllp) = Ex~q [log(a(X)/p(X))]

+ Connections to information - Requires that both distributions have
theory /max-likelihood known densities*

+ Unbiased (gradient) estimators via
samples from p

We can’t make sense of KL(do||N(0,1)), for example.

Even if both distributions have densities, we may not be able to write them down (e.g.
implicit generative models).
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Motivating problems
How to compare probability distributions?
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Motivating problems
How to compare probability distributions?

o

/\/—\ VS.
A ||
Kullback-Leibler divergence

KL(ql|p) = Ex~q [log(q(X)/p(X))]

+ Connections to information - Requires that both distributions have
theory /max-likelihood known densities*

+ Unbiased (gradient) estimators via - No information about metrics in
samples from p underlying base space used

1L T[]

ez Dog Wolf Cup  Dog Wolf Cup

[Image credit: Learning with a Wasserstein Loss, Frogner et al. 2015]
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Motivating problems
How to compare probability distributions?

o

/\/\ VS.
A ||
Kullback-Leibler divergence

KL(qllp) = Ex~q [log(a(X)/p(X))]

+ Connections to information - Requires that both distributions have
theory/max-likelihood known densities*

+ Unbiased (gradient) estimators via - No information about metrics in
samples from p underlying base space used

Optimal Transport (Wasserstein) distances

Wi(p,q) = x ip)fNT E[d(X, Y)]

X~p,Y~q
+ Can use information about base space - Unbiased estimation in intractable
+ Can compare e.g. discrete and cases is very difficult
continuous distributions - Requires solving an optimisation
problem to calculate, even in tractable
cases
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Plan

Part | : Intro to Optimal Transport
Discrete case
Generalisation to arbitrary probability measures
Algorithmic considerations

Part Il : Applications to Generative Modelling
Kantorovich-Rubenstein duality

Scalable implementaton for deep learning

Disclaimer: there are important theoretical details and conditions for some of the
theory we'll talk through. I'll mention these points verbally, but won't dwell on them.
Villani's book is great for the precise details.
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Discrete case

M N
P=> pidx, q=>_qd,
i—1 =

Source locations xi, ..., xy, with proportions

p1,-...,pn Of mass.
Target locations y1, ..., yn, with target proportions
qis-- 5 GN-

How to move mass from sources to targets in
cheapest possible way?

-2
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Discrete case

M N

p=> pbe. 9= ab, :

i=1 j=1 .

Source locations xi, ..., xp, with proportions s

p1,-...,pn Of mass. 4

Target locations yi, ..., yy, with target proportions !

q1,---,9N- ’

How to move mass from sources to targets in -
cheapest possible way? I 3 : : T
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Discrete case

M N
P=> pidx, q=>_qd,
i=1 Jj=1

Source locations xi, . .
p1,-...,pn Of mass.
Target locations yy, . .
q1,-- -, qn.

., XM, with proportions

., YN, with target proportions

CU = d(Xizyj)

[Visualisations generated using Rémi Flamary's Python Optimal Transport Toolkit]
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Discrete case

M N "
6 xX
p:E Pidx; q=§ qjdy; :
i=1 j=1 iy
.
Source locations xi, ..., xy, with proportions 3 e
p1,-...,pn Of mass. 2 [
Target locations y1, ..., yn, with target proportions I
qi,---,4n- 0
-1 P Y
- hd
Cj = d(xi,y;) 2 ; ; 7 p

T;; = mass to be moved from x; to y;
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Discrete case

M N -
6 x5
p:E Pidx; q=§ qjdy; .
. P X % X
i=1 Jj=1 s ;3 &
Source locations xi, ..., xp, with proportions s : i»xﬁ: "
p1,-...,pn Of mass. : T,
Target locations yi, ..., yy, with target proportions R R
+ L
qi,---,4n- 0
-1 e
- s
3 3 : ; :

CU = d(szyj)
T;; = mass to be moved from x; to y;

Minimise total cost: E,’\il jN:1 Cij Ty

Such that:
T; >0 foralli,j
E,I'V:1 Tij = p; (the correct mass is moved
away from x;) Vi
M. T;i = q; (the correct mass is moved

towards y;) Vj
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Discrete case

M N -
6 x5
p:E Pidx; q=§ qjdy; .
. P X % X
i=1 Jj=1 s ;3 &
Source locations xi, ..., xp, with proportions s : i»xﬁ: "
p1,-...,pn Of mass. : T,
Target locations yi, ..., yy, with target proportions R R
+ L
qi,---,4n- 0
-1 e
-2
3 3 : ; :

CU = d(szyj)
T;; = mass to be moved from x; to y;

Minimise total cost: E,’\il jN:1 Cij Ty

Such that:
T; >0 foralli,j
E,I'V:1 Tij = p; (the correct mass is moved
away from x;) Vi
M. T;i = q; (the correct mass is moved

towards y;) Vj

W, = inf C;iT;
1(p, q) T|T,-J|-nzOVi,j ,z_:z ij i

SN Ty=pivi
M Ti=aq;Vi

[Visualisations generated using Rémi Flamary's Python Optimal Transport Toolkit] 5/33



Discrete case

M N
P=> pidx, q=>_qd,
i—1 =

Source locations xi, ..., xp, with proportions
p1,-...,pn Of mass.
Target locations y1, ..., yn, with target proportions
q1,-- -, qn.

CU = d(Xi7 yj)

T;; = mass to be moved from x; to y;
A . M N T
Minimise total cost: 2,7, 327, C; Tj.

Such that:
T; >0 foralli,j
ZJI-VZI Tij = p; (the correct mass is moved
away from x;) Vi
Z;\il Tij = q; (the correct mass is moved
towards y;) Vj
M N

Wi(p,q) = inf C: T
1(p, q) T|T,-J|-nzov:',j ’z:;j:l i Tij

Ty Ty=pivi
Sy Ty=a;vi

[Visualisations generated using Rémi Flamary's Python Optimal Transport Toolkit]
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Discrete case

M N
P=> pidx, q=>_qd,
i—1 =

Source locations xi, ..., xp, with proportions
p1,-...,pn Of mass.
Target locations y1, ..., yn, with target proportions
q1,-- -, qn.
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Moving to the general case

M N
P=> piby, q=>_aqjd,
i—1 j=1

Minimise total cost: Zf\il J-Nzl CiTy.

Such that:
T >0foralli,j

ZjN:l Tij = pi (the correct mass is moved away from x;) Vi

Z,"il Tij = q; (the correct mass is moved towards y;) Vj
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Interpretation:

Think of T as a joint probability distribution:

T= Z Z 6(X' Yj)

i=1 j=1
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Moving to the general case

M N
P=> piby, q=>_aqjd,
i=1 j=1
Minimise total cost: Zf\il J-Nzl CiTy.
Such that:

T >0foralli,j
EJ'N:1 Tij = pi (the correct mass is moved away from x;) Vi
Zi"il Tij = q; (the correct mass is moved towards y;) Vj

Interpretation:

Think of T as a joint probability distribution:

T= ZZ 5(><,,y,

i=1 j=1

The red constraints guarantee that the marginal on the first coordinate is Z 21 Pilx; -
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Moving to the general case

M N
P=> piby, q=>_aqjd,
i=1 j=1
Minimise total cost: Zf\il J-Nzl Ci Ty
Such that:
T >0foralli,j
ZJ'N:1 Tij = pi (the correct mass is moved away from x;) Vi
Zil\il Tij = qj (the correct mass is moved towards y;) Vj
Interpretation:
Think of T as a joint probability distribution:
T= Z Z 904.7)
i=1 j=1

The red constraints guarantee that the marginal on the first coordinate is Z 21 Pilx; -
The purple constraints guarantee that the marginal on the second coordinate is

N
Zj:l qj6Yj'
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Moving to the general case

M N
P=> piby, q=>_aqjd,
i—1 j=1

Minimise total cost: Zf\il J-Nzl CiTy.

Such that:
T >0foralli,j

ZJ'N:1 Tij = pi (the correct mass is moved away from x;) Vi

Zil\il Tij = qj (the correct mass is moved towards y;) Vj
Interpretation:

Think of T as a joint probability distribution:

T= Z Z J(X' 2Yj)

i=1 j=1

The red constraints guarantee that the marginal on the first coordinate is Z 21 Pilx; -
The purple constraints guarantee that the marginal on the second coordinate is
Z 1 qjé The cost can be interpreted as an expectation:

M N M N
DN CTi=)> dxi,y) T = Egx, vyt [d(X, Y)]

i=1 j=1 i=1 j=1
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Moving to the general case

Linear programming perspective
M N
P=> piby, q=Y_aqjd,
i=1 j=1

Minimise =M, 52V, C; Ty,
Such that:
T >0 foralli,j
ZjN:1 Tij=pi Vi

S Ti=q Vi
General perspective
Wl(P, q) = ianE(X,Y)NT [d(X7 Y)]

where the infimum is over all joint probability distributions T with marginals so that
X~pand Y ~gq.
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Examples

Distributions over R, d is the usual metric.

Wl(lsav 6b) = inf IE(X,Y)NT [d(X7 Y)]

where the infimum is over all joint probability distributions T with marginals so that
X ~d;and Y ~ 6p.
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Examples

Distributions over R, d is the usual metric.

Wl(lsav 6b) = inf IE(X,Y)NT [d(X7 Y)]

where the infimum is over all joint probability distributions T with marginals so that
X ~d;and Y ~ 6p.

There is only one valid joint distribution on R?: O(a,b)-
So Wi (82, 0p) = Ex,v)~e, ) [d(X, Y)] = d(a, b) = |a — b]

Wi (S0, N(0,0%)) = inf E(x y)7 [d(X, V)]

where the infimum is over all joint probability distributions T with marginals so that
X ~ 8 and Y ~ N(0,0?).
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Examples

Distributions over R, d is the usual metric.

Wl(lsav 6b) = inf IE(X,Y)NT [d(X7 Y)]

where the infimum is over all joint probability distributions T with marginals so that
X ~d;and Y ~ 6p.

There is only one valid joint distribution on R?: O(a,b)-

So Wi (82, 0p) = Ex,v)~e, ) [d(X, Y)] = d(a, b) = |a — b]

Wi (S0, N(0,0%)) = inf E(x y)7 [d(X, V)]

where the infimum is over all joint probability distributions T with marginals so that
X ~ 8 and Y ~ N(0,0?).

There is only one valid joint distribution on R2, where the first coordinate is
deterministically 0, and the second follows a normal distribution.

So, Wi(30, N(0,0%)) = Eqx.v)speno) [0 V)] = f d(0, ) (y)dy = -+ = /20
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Comparing KL with Wasserstein distance

How to compare probability distributions?

/\/\ VS.
A ||
Kullback-Leibler divergence

KL(qllp) = Ex~q [log(a(X)/p(X))]

+ Connections to information - Requires that both distributions have
theory/max-likelihood known densities*

+ Unbiased (gradient) estimators via - No information about metrics in
samples from p underlying base space used

Optimal Transport (Wasserstein) distance

Wi(p,q) = x ip)fNT E[d(X, Y)]

X~p,Y~q
+ Can use information about base space - Unbiased estimation in intractable
+ Can compare e.g. discrete and cases is very difficult
continuous distributions - Requires solving an optimisation
problem to calculate, even in tractable
cases
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Algorithmic considerations: How do we actually compute optimal transport
distances?

Discrete case
Finitely supported discrete distributions —> linear program
Interior point polynomial-time algorithms exist, but practically can become very costly.

Important development for practical application in machine learning: Cuturi's entropy
regularisation.
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Algorithmic considerations: How do we actually compute optimal transport
distances?

General case

As for other probability metrics/divergences, in general intractable to compute
Wi (P, Q) for general distributions P, Q.

Solutions:
Use samples — much more later on. [Wasserstein Generative Adversarial Networks, Arjovsky et al. 2017]

Problem: hard to get unbiased estimators [The Cramer Distance as a Solution to Biased

Wasserstein Gradients, Bellemare et al. 2017]
Discretise domain to obtain discrete problem

Problem: curse of dimensionality

11/33



Interesting theory that we don't have time for

p-Wasserstein metrics W),

Existence and uniqueness of optimal transport plans for arbitrary probability
measures

Connections with cyclic monotonicity and duality theory
Connections with PDEs and gradient flows

etc.
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Find out more

Courses and books

Graduate course on optimal transport (theory and algorithms) at the Maths dept
next term, given by Matthew Thorpe.

Optimal Transport: Old and New (Cédric Villani, 2009)

Topics in Optimal Transportation (Cédric Villani, 2003)

Optimal Transport for Applied Mathematicians (Santambrogio, 2015)
Try it yourself

Python Optimal Transport Toolbox: github.com/rflamary/POT
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Part Il: Plan

Dual form Wasserstein distance and Applications:
Review: Primal form linear programming
Dual formulation for discrete case
Weight clipping Wasserstein GAN
Gradient penalty Wasserstein GAN
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Linear Programming

General primal-form formulation between two probability distributions 11,72 € 2(X)
with joint probability distribution IT:

W(n1,m2) = inf E(x, y)~nl[d(X, Y)]

For distributions with discrete support:
Discrete Samples {X;}¥; and {Y;}!,
Joint Probability Matrix T with corresponding flattened vector t

Marginal Probability Constraints
N
Zj:l Tij = Pi

N
YimaTi=n

Distance Matrix C with corresponding flattened vector ¢
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Linear Programming

Linear Programming Formulation:
min t’¢
t

s.t. At=b
t>0
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Linear Programming

Linear Programming Formulation:

min tT¢
t
s.t. At=0>b
t>0

b= { zx ] where px and py contains corresponding discrete probability
y

Matrix A contains Os and 1s to sum corresponding elements in t

Satisfy the marginalization constraints
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Linear Programming

Linear Programming Formulation:

min t’¢
t
s.t. At=0>b
t>0

b = { zx ] where px and p, contains corresponding discrete probability
y

Matrix A contains Os and 1s to sum corresponding elements in t
Satisfy the marginalization constraints

Problems:
Computationally expensive for real life problems e.g. images
Lack of smoothness in transportation plan

Only care about distance not joint probability

16/33



Dual formulation for discrete case

Primal form linear programming:

min t7¢
t
s.t. At=0>b
t>0

Dual form linear programming:
max bTf

st. ATfF<c¢
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Dual formulation for discrete case

Primal form linear programming:

min t'¢c
t
s.t. At=>b
t>0
Dual form linear programming:
max b’ f
f
st.ATf<c

Weak Duality: If either form of linear programming is feasible, so is the other.
The dual solution forms a lower bound for primal solution.

Easily check: tTc > tTATF =b"f

Strong Duality: Primal and dual solutions coincides.
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Dual formulation for discrete case

Dual form linear programming:

max b f
f
st. ATf<c
fx T T T
If f = £, ,we have b' f =px'fx+py'f,.

If we regard f and f, as function f evaluated at some points x and y

If we define discrete distribution P(x) = 21N:1 Px;0x; and P(y) = Z,N:1 Py; Oy,
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Dual formulation for discrete case
Dual form linear programming:
max b7 f
f

st. ATfF<c

If = [ ;; } we have bTF — pe Ty +py Ty,

If we regard fx and f, as function f evaluated at some points x and y

If we define discrete distribution P(x) = 21N:1 Px;0x; and P(y) = Z,N:1 Py; Oy,

We can obtain

bTf =B, pp)lf ()] + Eyupiy) [F(¥)]

Constraints:

f(x) + f(y) < d(xi,y)
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Dual formulation for discrete case

Dual form linear programming:
max bTf

st.ATf<c

If f = [ ;; :| , we have bTf = p,Tf. +p,Tf,.

If we regard fx and f, as function f evaluated at some points x and y

If we define discrete distribution P(x) = S_N | pedx and P(y) = SN | py, 5y,

With bit of work, for discrete case, we can modify the dual formulation objective as:
sup By p(o[f ()] = By py) [ (¥)]

Constraints:
f(xi) — f(y) < d(xi,y)
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Kantorovich-Rubinstein duality

For continuous case, assume the distance measure d is Euclidean distance, we have
Kantorovich-Rubinstein duality formulation(proof omitted):

W(Px, Py) = sup Ecop [f(x)] = Eynp, [f(¥)]
lIFfe<1
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Kantorovich-Rubinstein duality

For continuous case, assume the distance measure d is Euclidean distance, we have
Kantorovich-Rubinstein duality formulation(proof omitted):

W(Px, Py) = sup Ecop [f(x)] = Eynp, [f(¥)]
Il <t

f is any function satisfying Lipschitz continuity constraints

[If]lL < 1 represents the function f has to satisfy Lipschitz continuity smaller
than 1.

For real valued function f(-), for all x, y, it satisfies w <1

Enforce how fast function f can change w.r.t change in input (total variation)
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Application in GAN

GAN Objective:

min max Bxepllog DO] + Eznp(z)[log(1 — D(G(2)))]

Original GAN training:
Avoid using likelihood
Successful in training implicit generative models (Intractable Density)
Use discriminator to classify real and adversarial samples

Use Information-Theoretic divergence (Jensen-Shannon Divergence) as objective

function
( Noise ’——{ Generative Model
‘ Optimizer ‘
N e

( ) samples
Real/Fake i<crimi ‘ 4
Discriminator
label . .

Real
Samples
« )
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Problems in original GAN

Vanishing Gradient:
Good discriminator is harmful for generator learning
Exist perfect discriminator
Divergence max out

Mode-collapsing:

Limited variabilities in generated images
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Wasserstein GAN

Wasserstein distance can be shown to be a more sensible divergence than traditional

KL,JSD or TV when learning distribution with lower dimensional support than actual
data dimension.

lllustrating example : Learn parallel lines !

©,2) (0,2)
Z~U[0,1] Z~U[0,1]
Py Py
0 [’}

W(Pg, Pg) = |0]
JS(Py, Py) = log2 if6 #0.

0 if0=0.
+oo ifO #0.
KL(P4l|Ps) = {0 if@io

LAll the examples and images up to WGAN-GP are from [Arjovsky et al., 2017]
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Wasserstein GAN

Wasserstein distance can be shown to be a more sensible divergence than traditional
KL,JSD or TV when learning distribution with lower dimensional support than actual
data dimension.

What forms of Wasserstein distance we should use?
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Wasserstein GAN

Wasserstein distance can be shown to be a more sensible divergence than traditional

KL,JSD or TV when learning distribution with lower dimensional support than actual
data dimension.

Dual formulation:
max By (o) [fuw(X)] = Ezp(z) [fi(€6(2))]
function fw (-) is neural network parametrized by weight w
W is a compact parameter space to ensure fy (-) is K-Lipschitz continuous

Generator gy(+) is also neural network parametrized by 0
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Lipschitz Continuity Constraints

Replace the original constraints ||f||. < 1 with ||f||. < K associated with the compact
parameters space W

Controlling parameter space W controls function space

Maximization of new objective yields a calculation of original dual Wasserstein
distance up to a multiplicative constant

To ensure w € W, simply clip the weight w € [—c, c] with small ¢

Intuition: Small w implies small variations f,,(-) w.r.t input.
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Comparison with Original GAN

Learning:

Analogous discriminator and generator learning: Stochastic gradient descent with

reparametrization

Resolve the vanishing gradient problem, improve stability and reduce mode

collapsing

Toy Gaussian Example:

0.8
0.6
0.4
0.2

0.0 e

— Density of real
— Density of fake
— GAN Discriminator

WGAN Critic

Vanishing gradients
in regular GAN

2 4 6
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Comparison with Original GAN

Learning:

Analogous discriminator and generator learning: Stochastic gradient descent with
reparametrization

Resolve the vanishing gradient problem, improve stability and reduce mode
collapsing

Meaningful loss metric:

— MP512 — DCGAN
30
H | 5
g i Py — il - =
2
o5
0o,
0 100000 200000 300000 400000 500000 600000 100000 200000 300000 400000 500000 600000
Generator terations Generator terations

Wasserstein estimate

0 100000 200000 300000 400000 500000 _ 600000
Generator terations
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Comparison with Original GAN

Learning:
Analogous discriminator and generator learning: Stochastic gradient descent with
reparametrization
Resolve the vanishing gradient problem, improve stability and reduce mode
collapsing

Meaningful loss metric:

50000100000 150000 200000 250000 300000 350000 400000

050000 100000 150000 200000 250000 300000 350000 400000 o
Generator iterations

Generator iterations

151 estimate

050000 100000 150000 200000 250000 300000 350000 400000
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Comparison with Original GAN

Learning:

Analogous discriminator and generator learning: Stochastic gradient descent with
reparametrization

Resolve the vanishing gradient problem, improve stability and reduce mode

collapsing

Improved stability and reduce mode collapsing:

Improved stability

WGAN
NVD

WGAN
NVD
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Reconsider Lipschitz Continuity

Is weight clipping a sensible way to enforce Lipschitz continuity constraints?
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Reconsider Lipschitz Continuity

Is weight clipping a sensible way to enforce Lipschitz continuity constraints?

No, clipping weight will damage the modeling power of neural network and require
careful tuning of weight boundary

Variations of function f,,(-) can also be achieved using Gradient Penalty
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WGAN-GP

Optimal discriminator property :
For sample x from generator, there exists a sample y from true distribution, such

that the gradient of discriminator f,,(-) w.r.t any points on the line
xt = (1 — t)x + ty points towards y.

Vi fu(x) = =y

It implies the norm of discriminator gradient is 1 almost everywhere

! Theorem proved in [Gulrajani et al., 2017
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WGAN-GP

Optimal discriminator property !

For sample x from generator, there exists a sample y from true distribution, such
that the gradient of discriminator f,,(-) w.r.t any points on the line
x¢ = (1 — t)x + ty points towards y.

Vaefulxe) = 222

It implies the norm of discriminator gradient is 1 almost everywhere

Instead of clipping weight, we regularize the gradients.

Objective:

max B (0 [fiw ()] = Eznp(z) [fi (86(2))] + AEs (s [(|| Vs fur (R)]|2 — 11)

Original dual form loss Gradient Penalty

A\ controls relative importance of the constraints
X are sampled from the line between generated and real samples.

X =ex+ (1 —¢€)gp(z) with e ~ U(0,1)

! Theorem proved in [Gulrajani et al., 2017
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Comparison !

Modeling Power:
Weight clipping over-simplified the learned discriminator surface

May not provide correct gradient for generator

8 Gaussians 25 Gaussians Swiss Roll

Weight clipping

Gradient penalty

Figure I: Value surfaces of WGAN critics trained to optimality on toy datasets. Critics trained with
weight clipping fail to capture higher moments of the data distribution. The ‘generator’ is held fixed
at the real data plus Gaussian noise.

LAl images and examples are from [Gulrajani et al., 2017]
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Comparison !

Learned discriminator weights:
Weight clipping pushes weights to boundaries.

Require careful tuning of the boundary otherwise exploding or vanishing of

gradients.
Weight clipping Gradient penalty O p— - ]
3wl Weight clpping (0= 0.001) /
S 10— Weight clipping (c = 0.01)
<@ —— Waight dipping (c=01)

=% Y Gradient penalty
g
g
]
3 =10
2
T
g )

=002 -0.01 0.0 0.01 002 —050 -025 000 025 050 13 10 7 4 1

Weights Weights Discriminator layer
(a) Learned Weights (b) Gradient Norm

LAl images and examples are from [Gulrajani et al., 2017]
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Comparison !

LSUN image generation:
WGAN-GP is more robust than weight clipping

No batch normalization

Weight clipping
Ai|euad jualpess

LAl images and examples are from [Gulrajani et al., 2017]
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Other related forms of WGAN

There are some other forms of GAN which are closely related to Wasserstein GAN but
we don't have time for them:

Primal form WGAN:
Sinkhorn GAN [Genevay et al., 2017]: Fast approximation to primal solutions

Wasserstein Auto-Encoders [Tolstikhin et al., 2017]: Auto-encoder based primal
formulation

Generalizations:

Relaxed Wasserstein distance [Guo et al., 2017]: Bregman divergence as the
distance measure

Unbiased sample gradients:

Cramer GAN [Bellemare et al., 2017]: Cramer distance as replacement of
Wasserstein distance.
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Extra slides
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Applications

Image processing (e.g. colour transfer)

Input image Modified image

[Image credit: Numerical Optimal Transport and Applications, Gabriel Peyré]
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Applications

Clustering/distillation

@@(07@ (<] o
o @@ = @@
> @9y [®] <
O o le
e [¢]e ]

il images of two nested random ellipses.
a) Euclidean distance (b) Euclidean after

centroid (Niclser. ROT3) (d) RKHS
1, o = 0.002) (e) 2-Wasserstein distance.

[Image credit: Fast Computation of Waserstein Barycenters, Cuturi and Doucet]
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Cuturi's Entropic Regularisation
Instead of optimising a linear cost Z,N:1 >i= lNC,-j Ti;, optimise a strongly convex
cost Zf\’:l > j=1NC;T; +vE(T), where E(T) is the entropy of the joint
distribution T.

Algorithm 1 Computation of ¢3,(r,c) using Sinkhorn-Knopp's fixed point itera-
tion

Input M. A, 1. c.

I=(r>0); r=r(I); M=M(I,:); K=exp(-A*M)

Set x—ones (length(r),size(c,2))/length(r):

while x changes do

x=diag(1l./r)*Kx(c.*x(1./(K**(1./x))))

end while

u=1./x; v=c.*(1./(K’%u))

dy(r.c)=sumCu. % ((K. M) %v) )

Mathematically equivalent to optimising linear cost over smaller convex region.

< a}

UlPa, Bg)
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