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» History and modern formulation of stochastic approximation theory
» In-depth look at stochastic gradient descent (SGD)

» Introduction to key ideas in stochastic approximation theory such
as Lyapunov functions, quasimartingales, and also numerical
solutions to differential equations.
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Numerical Analysis is a well-established discipline...

c. 1800 - 1600 BC

Babylonians
attempted to
calculate v/2, or in
modern terms, find
the roots of
x?—2=0.

1http://www.math.ubc.ca/”cass/EucIid/ybc/ybc.html,
Yale Babylonian Collection
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C17-C19

Huge number of numerical techniques developed as tools for the
natural sciences:

» Root-finding methods (e.g. Newton-Raphson)
» Numerical integration (e.g. Gaussian Quadrature)
» ODE solution (e.g. Euler method)

» Interpolation (e.g. Lagrange polynomials)

Focus is on situations where function evaluation is deterministic.
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1951  Robbins and Monro publish “A Stochastic Approximation
Algorithm” , describing how to find the root of an increasing function

f : R — R when only noisy estimates of the function's value at a given
point are available.
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They provide an iterative scheme for root estimation in this context and
prove convergence of the resulting estimate in L? and in probability.
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They provide an iterative scheme for root estimation in this context and
prove convergence of the resulting estimate in L? and in probability.

Note also that if we treat f as the gradient of some function F, the
Robbins-Monro algorithm can be viewed a minimisation procedure.

The Robbins-Monro paper establishes stochastic approximation as an
area of numerical analysis in its own right.
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1952

Motivated by the Robbins-Monro paper the year before, Kiefer and
Wolfowitz publish “Stochastic Estimation of the Maximisation of a
Regression Function” .

Their algorithm is phrased as a maximisation procedure, in contrast to
the Robbins-Monro paper, and uses central-difference approximations
of the gradient to update the optimum estimator.
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Present day
Stochastic approximation widely researched and used in practice:

» Original applications in root-finding and optimisation, often in the
guise of stochastic gradient descent:

» Neural networks
» K-Means
> .

» Related ideas are used in :

» Stochastic variational inference (Hoffman et al. (2013))

» Psuedo-marginal Metropolis-Hastings (Beaumont (2003), Andrieu
& Roberts (2009))

» Stochastic Gradient Langevin Dynamics (Welling & Teh (2011))
Textbooks:

Stochastic Approximation and Recursive Algorithms and Applications,
Kushner & Yin (2003)

Introduction to Stochastic Search and Optimization, Spall (2003)
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Stochastic approximation is now a mature area of numerical analysis,
and the general problem it seeks to solve has the following form:

Minimise f(w) = E [F(w, )]

(over w in some domain W, and some random variable §).
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Stochastic approximation is now a mature area of numerical analysis,
and the general problem it seeks to solve has the following form:

Minimise f(w) = E [F(w, )]

(over w in some domain W, and some random variable §).

This is an immensely flexible framework:
» F(w,&) = f(w)+ £ models experimental /measurement error.
> F(x,€) = (w'¢(éx) — &y)? corresponds to (least squares) linear
regression

N .

> If f(w) =5 Y11 g(w,x) and F(w,§) = & > xee 8(w, x), with
¢ a randomly-selected subset (of size K) of large data set
corresponds to “stochastic” machine learning algorithms.
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We'll focus on proof techniques for stochastic gradient descent (SGD).
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We'll focus on proof techniques for stochastic gradient descent (SGD).

We'll derive conditions for SGD to convergence almost surely. We
broadly follow the structure of Léon Bottou's paper?.

Plan:
» Continuous gradient descent
> Discrete gradient descent

» Stochastic gradient descent

2Online Learning and Stochastic Approximations - Léon Bottou (1998)
10 of 27
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Let C : R — R be differentiable. How do solutions s : R — RX to
the following ODE behave?

d
Zs(t) = =V C(s(1))
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We can analytically solve the gradient descent equation for this
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Let C : R — R be differentiable. How do solutions s : R — RX to
the following ODE behave?

d
Zs(t) = =V C(s(1))

Example: C(x) = 5(xa + x2)? + (x1 — x2)?

We can analytically solve the gradient descent equation for this

example:
VC(x) = (12x1 + 8x2,8x1 + 12x2)

So (s1,55) = (1251 + 85,851 + 12s5), and solving with
(51(0), 52(0)) = (1.5,0.5) gives

si(t)\ (et 15e
s(t)) — \e 20t —0.5e
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Exact solution of gradient descent ODE
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(The second condition is weaker than convexity)
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We'll start with some simplifying assumptions:

1. C has a unique minimiser x*

2. Ve>0, inf (x—x",VC(x))>0

Ix—x*[|3>€
(The second condition is weaker than convexity)
Proposition If s : [0,00) — X satisfies the
differential equation

ds(t)

o = —VC(s(t)

then s(t) — x* as t — oc.

Example of
non-convex function
satisfying these
conditions
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1.
2.
3.
4.
5.

Define Lyapunov function h(t) = ||s(t) — x*||3
h(t) is a decreasing function

h(t) converges to a limit, and h'(t) converges to 0
The limit of h(t) must be 0

s(t) — x*
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1. Define Lyapunov function h(t) = ||s(t) — x*||3

2. h(t) is a decreasing function

3. h(t) converges to a limit, and h'(t) converges to 0
4. The limit of h(t) must be 0

5. s(t) = x*

h(t) is a decreasing function

d _d 2
Sh(r) = () = x°[3

d * *
= 9 (s(t) " s(0) — )
=2 <d2(tt),s(t) —X*>

= — {s(t) — x*, VC(s(1))) <0
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Define Lyapunov function h(t) = ||s(t) — x*||3
h(t) is a decreasing function
h(t) converges to a limit, and h'(t) converges to 0
The limit of h(t) must be 0

5. s(t) = x*
The limit of h(t) must be 0

If not, there is some K > 0 such that h(t) > K for all t. By
assumption,

sl e

x:héQLK (x =x*,VC(x)) >0

which means that inf; h'(t) < 0, contradicting the convergence of h'(t)
to 0.
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So gradient descent finds the global minimum for functions in the class
stated in the theorem.
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So gradient descent finds the global minimum for functions in the class
stated in the theorem.

Solving general ODEs analytically is extremely difficult at best, and
usually impossible.

To implement this strategy algorithmically to solve a minimisation
problem, we'll need a method of solving the ODE numerically.

There is no one best way to do this!!
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Sntl — Sn _ ~VC(sp)  (ForwardEuler)

€n
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An intuitive, straightforward discretisation of

d
Zs(t) = =V C(s(1))

Sntl — Sn _ ~VC(sp)  (ForwardEuler)

€n

Although it is easy and quick to implement, it has theoretical
(A-)instability issues.
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An intuitive, straightforward discretisation of

d

2s() =~V C(s(2)
is

Sntl — Sn _ ~VC(sp)  (ForwardEuler)

€n

Although it is easy and quick to implement, it has theoretical
(A-)instability issues.

An alternative method which is (A-)stable is the implicit Euler method:

Sptl — S
ontl o —VC(sns1)
€n

So why settle for explicit discretisation? Implicit requires solution of

non-linear system at each step, and practically explicit discretisation

works.
16 of 27
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Also have multistep methods, e.g.:

3
Sn42 = Spt+1 + €ny2 (2VC(Sn+1) —VC(Sn))

This is the 2nd-order Adams-Bashforth method.

Similar (in)stability properties to forward Euler, but discretisation error
of a smaller order of magnitude at each step (O(e3) compared with

O(e%))
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Examples of discretisation with e = 0.1
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Examples of discretisation with e = 0.07
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Examples of discretisation with ¢ = 0.01
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Proposition If s,11 = s, — €,V C(s,) and C satisfies
1. C has a unique minimiser x*
2. Ve>0, inf (x—x",VC(x))>0

[l x—x*[|3>€
3. [VC(x)||3 < A+ B|x — x*||3 for some A,B >0
then subject to >, ¢, =00 and Y, €2 < oo we have s, — x*
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Proposition If s,11 = s, — €,V C(s,) and C satisfies
1. C has a unique minimiser x*
2. Ve>0, inf (x—x",VC(x))>0

[l x—x*[|3>€
3. [VC(x)||3 < A+ B|x — x*||3 for some A,B >0
then subject to >, ¢, =00 and Y, €2 < oo we have s, — x*

Proof structure The proof is largely the same as for the continuous

case, but the extra conditions in the statement deal with the errors
introduced by discretisation.
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A

Define Lyapunov sequence h, = ||s, — x*|3

Consider the positive variations h = max(0, hy11 — hp)
Show that Y72 | hf < oo

Show that this implies that h, converges

Show that h, must converge to 0

Sp — xX*
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o R =

6.

Define Lyapunov sequence h, = ||s, — x*|3

Consider the positive variations h = max(0, hy11 — hp)
Show that >0 | b < oo

Show that this implies that h, converges

Show that h, must converge to 0

Sp — xX*

Define Lyapunov sequence h, = ||s, — x*||3
Because of the error that the discretisation introduced, h, is not
guaranteed to be decreasing - have to adjust proof.
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1. Define Lyapunov sequence h, = ||s, — x*|3

2. Consider the positive variations h}" = max(0, hp41 — hy)
3. Show that > 77, hf < oo

4. Show that this implies that h, converges

5. Show that h, must converge to 0

6. s, — x*

Define Lyapunov sequence h, = ||s, — x*||3
Because of the error that the discretisation introduced, h, is not
guaranteed to be decreasing - have to adjust proof.

Idea: h, may fluctuate, but if we can show
that the cumulative ‘up’ movements aren’t
too big, we can still prove convergence of ‘

hn . lllustration credit: Online learning
and stochastic approximation, Léon
Bottou (1998)

/\\\/\/\/\.’——
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1. Define Lyapunov sequence h, = ||s, — x*|3

2. Consider the positive variations h! = max(0, h,+1 — h,)
3. Show that > 77, hf < oo

4. Show that this implies that h, converges

5. Show that h, must converge to 0

6. s, — x*

Consider the positive variations h = max(0, h,41 — hp)
With some algebra, note that

hn+1 —h, = <5n+1 - X*a Sp+1 — X*> - <5n - X*) Sn — X*>
= <5n+1a 5n+1> - <5n, 5n> -2 <5n+1 - 5n7X*>
= (sn — €nV C(5n), 5n — €nV C(5n)) — (Sn, Sn) + 265 (VC(sn), x*)
= —2¢, (sy — x*,VC(sp)) + 2|V C(sn)|3

22 of 27



Em UNIVERSITY OF

Discrete Gradient Descent CAMBRIDGE

o R =

6.

Define Lyapunov sequence h, = ||s, — x*|3

Consider the positive variations h" = max(0, hp41 — hy)
Show that > 72 | hf < oo

Show that this implies that h, converges

Show that h, must converge to 0

Sp — xX*

Show that >°°  ht < oo

n=1 n

Assuming ||[VC(x)|13 < A+ Bl|x — x*||3, we get

Pns1 — hn < —2¢€, (s, — x*,V C(s,)) + €2(A + Bhy,)

— hpy1— (14 EB)h, < —2¢, (s, — x*,VC(sy)) + A

< A
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1. Define Lyapunov sequence h, = ||s, — x*||3

2. Consider the positive variations h" = max(0, hp+1 —
3. Show that >0 | b < oo

4. Show that this implies that h, converges

5. Show that h, must converge to 0

6. s, — x*

Show that > °, h} < oo

Assuming ||[VC(x)||13 < A+ Bl|x — x*||3, we get
hpi1 — (1 — €2B)h, < €2A

Writing p1n = [174 ﬁ, and h, = pph,, we get

I+1 —h, < G%MnA

n

hn)

Assuming > 77, €2 2 < 00, pn converges away from 0, so RHS is

summable.
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1. Define Lyapunov sequence h, = ||s, — x*|3

2. Consider the positive variations h" = max(0, hp41 — hy)
3. Show that > 77, b < oo

4. Show that this implies that h, converges

5. Show that h, must converge to 0

6. s, — x*

Show that this implies that h, converges

If 350, max(0, hpy1 — hn) < 0o, then Y-°° min(0, hpy1 — hy) <
(why?)

But hpp1 = ho + Zzzl(max(o, hk+1 — hk) + min(O, hk+1 — hk))

So (hn)32, converges.
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Al .

6.

Define Lyapunov sequence h, = ||s, — x*|3

Consider the positive variations h = max(0, hp11 — hp)
Show that > "2 | hf < oo

Show that this implies that h, converges

Show that h, must converge to 0

Sp — X*

Show that h, must converge to 0 Assume h, converges to some
positive number. Previously, we had

hns1 — hn = —2¢p (s — x*, VC(sn)) + €| VC(sn) 13

This is summable, and if we assume further that >""° ¢, = oo, then
we get

(sn — x*,VC(sp)) =0

contradicting h, converging away from 0.
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A

Define Lyapunov sequence h, = ||s, — x*|3

Consider the positive variations h = max(0, hy11 — hp)
Show that > 72 | hf < oo

Show that this implies that h, converges

Show that h, must converge to 0

Sp — xX*
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We're now ready to introduce the stochastic approximation of the
gradient into our algorithm.
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We're now ready to introduce the stochastic approximation of the
gradient into our algorithm.

If C is a cost function averaged across a data set, often have true
gradient of the form

1 N
= N;fn(x)

and an approximation is formed by subsampling:

ﬁ'(x) = % Z fi(x) (I ~ Unif (subsets of size K))
kel

We'll treat the more general case where the gradient estimates V C(x)
are unbiased and independent.

23 of 27



ml,. UNIVERSITY OF

Stochastic Gradient Descent CAMBRIDGE

We're now ready to introduce the stochastic approximation of the
gradient into our algorithm.

If C is a cost function averaged across a data set, often have true
gradient of the form

1 N
= N;fn(x)

and an approximation is formed by subsampling:

ﬁ'(x) = % Z fi(x) (I ~ Unif (subsets of size K))
kel

We'll treat the more general case where the gradient estimates ﬁ'(x)
are unbiased and independent.

The introduced randomness means that the Lyapunov sequence in our
proof will now be a stochastic process, and we'll need some additional
machinery to deal with it.

23 of 27
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Measure-theory-free martingale theory

Let (Xn)n>0 be a stochastic process.

Fn denotes “the information describing the stochastic process up to

. 1
tIMe N denoted mathematically by F,, = o(Xm|m < n)
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Let (Xn)n>0 be a stochastic process.
Fn denotes “the information describing the stochastic process up to
time N" denoted mathematically by F = o(Xm|m < n)
Definition A stochastic process (X,)5%, is a martingale? if
» E[|Xy]] < oo forall n
> E[Xy|Fm] = Xm for n>m

3on a filtered probability space (Q, F, (Fn)320, P), with F, = o(Xm|m < n)Vn
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Let (Xn)n>0 be a stochastic process.

Fn denotes “the information describing the stochastic process up to
time N denoted mathematically by F, = o(Xm|m < n)
Definition A stochastic process (X,)5%, is a martingale? if

» E[|X5]] < oo forall n

> E[Xy|Fm] = Xm for n>m
Martingale convergence theorem (Doob, 1953) If (X,)72 is a
martingale, and supE [| X,|] < oo, then X, — X almost surely.

Quasimartingale convergence theorem (Fisk, 1965) If (X,,)5°; is a
positive stochastic process, and

ZE [(B [Xnt11Fn] = Xn) Ligix, . q|F0]—X.>01] < 00

n=1

3on a filtered probability space (Q, F, (Fn)320, P), with F, = o(Xm|m < n)Vn
24 of 27
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Proposition If s, 1 = s, — €nHn(sn), with Hp(s,) an unbiased
estimator for VC(sp), and C satisfies

1. C has a unique minimiser x*
2. Ve>0, inf (x—x",VC(x))>0

[l x—x*[13>€
3. E[||Ha(x)||3] < A+ Bl[x — x*||3 for some A, B > 0 independent
of n

then subject to >, ¢, =00 and Y, €2 < oo we have s, — x*
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Proposition If s, 1 = s, — €nHn(sn), with Hp(s,) an unbiased
estimator for VC(sp), and C satisfies

1. C has a unique minimiser x*
2. Ve>0, inf (x—x",VC(x))>0

[[x—x*[13>¢
3. E[||Ha(x)||3] < A+ Bl[x — x*||3 for some A, B > 0 independent
of n
then subject to >, ¢, =00 and Y, €2 < oo we have s, — x*
Proof structure The proof is largely the same as for the deterministic

discrete case, but the extra conditions in the statement deal with the
control we need over the unbiased gradient estimators.
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1.
2.
3.
4.
5.

Define Lyapunov process h, = ||s, — x*||3
Consider the variations h,+1 — h,

Show that h, converges almost surely

Show that h, must converge to 0 almost surely

S, — x*
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Define Lyapunov process h, = ||s, — x*||3
Consider the variations h,41 — hp

Show that h, converges almost surely

Sl o A

Show that h, must converge to 0 almost surely

5. 5, = x*

Consider the positive variations h} = max(0, hy+1 — hp)
By exactly the same calculation as in the deterministic discrete case:

hns1 — hn = —2¢p (s — x*, Hy(sn)) + €5l Hn(sn) 13

So

E [hnt1 — hal Fo] = —2€5 (sn — x*, VC(sp)) + E%E [||H,,(5,,)||§‘]:,,]
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1.
2.
3.
4.

Define Lyapunov process h, = ||s, — x*||3
Consider the variations h,+1 — h,
Show that h, converges almost surely
Show that h, must converge to 0 almost surely
5. sp = x*
Show that h, converges almost surely
Exactly the same as for discrete gradient descent:
» Assume E [||H (x)5 ] <A+ B|x—x*|3
» Introduce u, =[], ﬁ and b, = uph,
Get:

E[ n+1 h/ ‘]:] < GanA
= E [(hn+1 h”)]l]E[h¢,+l—h{,|fn]>0‘Fn} < G%MnA

oo 2 ; H / yoo
>, €, < oo = Quasimartingale convergence = (h})°2;
converges a.s. == (h,)72,; converges a.s.
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1.
2.
3.
4.

Define Lyapunov process h, = ||s, — x*||3
Consider the variations h,41 — h,
Show that h,, converges almost surely
Show that h,, must converge to 0 almost surely
5. 5, — x*
Show that h, must converge to 0 almost surely
From previous calculations:
E [hns1 — (1 — €2B)h|Fn] = —2¢€5 (sp — x*,VC(sp)) + €3A

(hn)22., converges, so sequence is summable a.s. . Assume > €2 < 00, SO

right term is summable a.s., so left term side is also summable a.s. :
Z €n (sn — x*, VC(s,)) < ooalmost surely

If we assume in addition that >~ €, = oo, this forces
(sn — x*,V C(sp)) — Oalmost surely

And by our initial assumptions about C, (h,)S%; must converge to 0 almost
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Often the conditions on C in the preceding theorems are not satisfied
in practice. One possible way of extending ideas above: Assume:

» C is a non-negative, three-times differentiable function.

» Robbins-Monro learning rate conditions hold: Y7 €, = oo,
D1 €n < 00

> Gradient estimate H satisfies: E [||Hn(x)[*] < Ak + Bil|x]|¥ for
k=2,3,4

> There exists D > 0 such that inf| 25 p (x, VC(x)) >0

27 of 27



~§~ UNIVERSITY OF

Relaxing the pseudo-convexity conditions "¢ CAMBRIDGE

Often the conditions on C in the preceding theorems are not satisfied
in practice. One possible way of extending ideas above: Assume:

» C is a non-negative, three-times differentiable function.
» Robbins-Monro learning rate conditions hold: Y7 €, = oo,
D1 €n < 00
> Gradient estimate H satisfies: E [||Hn(x)[*] < Ak + Bil|x]|¥ for
k=2,3,4.
> There exists D > 0 such that inf| 25 p (x, VC(x)) >0
Idea for proof is then:
1. For a given start position, the sequence (s,)° ; is confined to a
bounded neighbourhood of 0 almost surely.
2. Introduce the Lyapunov function h, = C(s,), and prove its
almost-sure convergence.
3. Prove that VC(s,) necessarily converges almost surely.
Note that this guarantees we settle at some critical point for the
function (which may be a maximum, minimum, or saddle), rather than

reaching the global optimum.
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Motivation

@ So far we've told you why SGD is “safe” :)
@ ...but Robbins-Monro is just a sufficient condition
@ ...then how to choose learning rates to achieve

e fast convergence
e better local optimum

Yingzhen Li (University of Cambridge) Adaptive learning rates Nov 26, 2015 1/27
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Motivation (cont.)

Grid Layout Random Layout

Unimportant parameter
Unimportant parameter

Important parameter Important parameter

Figure: from [Bergstra and Bengio 2012]

@ idea 1: search the best learning rate schedule
e grid search, random search, cross validation
o Bayesian optimization
@ But I'm lazy and | don’t want to spend too much time
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Motivation (cont.)

@ idea 2: let the learning rates adapt themselves
o pre-conditioning with |diag(H)| [Becker and LeCun 1988]

o adaGrad [Duchi et al. 2010]
o adaDelta [Zeiler 2012], RMSprop [Tieleman and Hinton 2012],

ADAM [Kingma and Ba 2014]
o Equilibrated SGD [Dauphin et al. 2015] (this year's NIPS!)
@ now we'll talk a bit about online learning
e a good tutorial [Shalev-Shwartz 2012]
o milestone paper [Zinkevich 2003]

@ ... and some practical comparisons
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From batch to online learning

@ Batch learning often assumes:
o We've got the whole dataset D
e the cost function C(w; D) = Ex.p[c(w; x)]
@ SGD/mini-batch learning accelerate training in real time by

e processing one/a mini-batch of datapoint each iteration
e considering gradients with data point cost functions

VC(w;D) =~ ZVcwxm

Yingzhen Li (University of Cambridge) Adaptive learning rates Nov 26, 2015 4 /27



From batch to online learning (cont.)

Let's forget the cost function on the batch for a moment:
e online gradient descent (OGD):

e each iteration t we receive a loss fi(w)
o ...and a (noisy) (sub-)gradient g, € 9f;(w)
o ...then we update the weights with w <— w — ng,

@ for SGD the received gradient is defined by

LM
g, = v mz_:ch(w; Xm)
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Online learning

From batch to online learning (cont.)
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From batch to online learning (cont.)

@ Online learning assumes

e each iteration t we receive a loss f;(w)
(in batch learning context fi(w) = c(w; x¢))
o ...then we learn wyy; following some rules

@ Performance is measured by regret
T T
Ry = Z; fe(wy) — inf. Z; fo(w) (1)
t= t=

@ General definition Rr(u) = ZtT:1 [fi(w:) — fi(u)]
@ SGD < “follow the regularized leader” with L, regularization
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Online learning

From batch to online learning (cont.)

Follow the Leader (FTL)

W; .1 = argmin Z fi(w

weS i—1

()

Lemma (upper bound of regret)

Let wq, wy,... be the sequence produced by FTL, then Yu € S,

Z[ftwt ) — fe(u

IIM\!

Wt - ft Wt+1)]

(3)

4

Yingzhen Li (University of Cambridge)
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From batch to online learning (cont.)

A game that fools FTL

Let w € S = [—1,1] and the loss function at time t

—05w, t=1
fr(w) =< w, t is even
—w, t>1andtis odd

@ FTL is easily fooled!
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From batch to online learning (cont.)

Follow the Regularized Leader (FTRL)

wey = argmin 3 fi(w) £ o(w)  (4)

wes o

Lemma (upper bound of regret)

Let wy, wy,... be the sequence produced by FTRL, then Yu € S,

> [fi(we) = fi(u)] < p(u) = p(w) + Y [fi(we) = fi(wes)].
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From batch to online learning (cont.)

@ Let's assume the loss f; are convex functions:
Ywoue S:  fi(u) — fi(w) > (u—w,g(w)),Vg(w) € Of(w)

o use linearisation f(w) = f,(w,) + (w, g(w)) as a surrogate:

T T
Z Wt — ft Z Wtagt u gt> Vg, € aft(wt)
t=1 t=1

Yingzhen Li (University of Cambridge) Adaptive learning rates Nov 26, 2015 11 /27



From batch to online learning (cont.)

Online Gradient Descent (0GD)

Wepr =W — 18, & € Ofi(wy) (5)
@ From FTRL to online gradient descent:

e use linearisation as surrogate loss (upper bound LHS)
o use L regularizer p(w) = %Hw — w13

e apply FTRL regret bound to the surrogate loss
t

Wi = argmin 3 (w. &) + ¢(w)

weS i—1
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Online learning

From batch to online learning (cont.)

Online Gradient Descent (0OGD)

Wil =W — 78, 8; € 8f}(wt)

(5)

Theorem (regret bound for online gradient descent)

Assume we run online gradient descent on convex loss functions fi,
fa, ... fr with regularizer p(w) = %Hw —wi||3. then for allu € S,

;
1
Rr(u) < 5 llu—= w340 llgells g € Of(wy).

t=1
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Online learning

From batch to online learning (cont.)

Theorem (regret bound for online gradient descent)

Assume we run online gradient descent on convex loss functions fi,
fy, ... fr with regularizer p(w) = %Hw —wi||3. then for allu € S,

T

1
Rr(u) < 5 llu = w3+ llgells g € Of(we).

t=1

@ keep in mind for later discussion of adaGrad:

o | want ¢ to be strongly convex wrt. (semi-)norm || - ||
o ...then the Ly norm will be changed to || - ||«
e ...and we use Holder's inequality for proof

Yingzhen Li (University of Cambridge) Adaptive learning rates Nov 26, 2015 13 /27




adaGrad [Duchi et al. 2010]

Use proximal terms ;!

@ 1, is a strongly-convex function and

Bwt(W, W) = (W) — Ye(we) — (Vb (we), w — wy)

@ Primal-dual sub-gradient update:
, _ 1
Wei1 = argmin(w, §,) + p(w) + —(w). (6)
@ Proximal gradient/composite mirror descent:

W1 = argminn(w, g,) + no(w) + By, (w, we). (7)
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adaGrad [Duchi et al. 2010] (cont.)

adaGrad with diagonal matrices

t
G=> ggl, H—ol+diag(GY?).

i=1

. _ 1
Wi = argminn(w, g,) + ne(w) + 2_WTHtW'
weS t

weS

(8)

) 1
W1 = argminn(w, g,) + no(w) + E(W - Wt)THt(W —Wy).

(9)

@ To get adaGrad from online gradient descent:

e add a proximal term or a Bregman divergence to the objective

e adapt the proximal term through time:

1
¢t(W) = EWTHtW

Yingzhen Li (University of Cambridge) Adaptive learning rates Nov 26, 2015
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adaGrad [Duchi et al. 2010] (cont.)

@ example: composite mirror descent on S = RP, with p(w) =0

_ 1
Wiy = argmin(w, g,) + = (w — w) [0/ + diag(G)J(w — wi)

w

N8

0+ \/ Zf:l g;

= Wi = W — (10)
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adaGrad [Duchi et al. 2010] (cont.)

WHY?77
@ time-varying learning rate vs. time-varying proximal term

@ | want the contribution of ||g,||? induced by 9, be upper
bounded by ||g,]|2:
o define || - ||y, =/ (-, He")
o Yi(w) = %WTHtW is strongly convex wrt. || - ||y,
e a little math can show that

T D
Dollglli <2)  llgnrall
t=1 d=1
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adaGrad [Duchi et al. 2010] (cont.)

Theorem (Thm. 5 in the paper)

Assume sequence {w.} is generated by adaGrad using primal-dual
update (8) with 6 > max; ||8;||«, then for anyu € S,

D D
J 1

Rr(u) < —|[ull3 + ~[ull% ) llgvrallz+9) lgnr.all
" g d=1 d=1

For {w.} generated using composite mirror descent update (9),

1
Rr(u )§2_m§ X |[u — WtHzZHngdH2+772Hg1TdH2-
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Improving adaGrad

@ possible problems of adaGrad:
e global learning rate 7 still need hand tuning
e sensitive to initial conditions
@ possible improving directions:
e use truncated sum / running average
e use (approximate) second-order information
e add momentum
e correct the bias of running average
@ existing methods:
o RMSprop [Tieleman and Hinton 2012]
o adaDelta [Zeiler 2012]
o ADAM [Kingma and Ba 2014]
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Improving adaGrad (cont.)

RMSprop

Gy = pGe1 + (1 - p)gtg;r7 H: = (61 + diag(Gt))1/2'

. 1
Wey1 = argmin(w, g) + = (w — w.) " H(w — wy).
w

LY
RMS[g].’

@ possible improving directions:

RMS[g]. = diag(H;) (1)

:> Wt+1 = Wt

e use truncated sum / running average

e use (approximate) second-order information
e add momentum

e correct the bias of running average
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Improving adaGrad (cont.)

Of /Ow
-1
Aw x H gocazf/aw2
Of /Ow
2f 2
= O0°f/Oow" x Aw
RMS|[g]:

i H)~ ——=—
= diag(H) ~ piisiaw],

@ possible improving directions:
e use truncated sum / running average
o use (approximate) second-order information
e add momentum
e correct the bias of running average
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Improving adaGrad (cont.)

adaDelta
. RMS|[g]:
d H)= ———=—
tag(H) = prisiaw].

. 1
w1 = argmin{w, g,) + E(W — wt)THt(w — W,).

RMS[Aw],_;

—RMS[g]t g (12)

= Wt+]_ = W; —

@ possible improving directions:

use truncated sum / running average

use (approximate) second-order information
add momentum

correct the bias of running average
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Improving adaGrad (cont.)

ADAM

m; = Sim;_; + (1 - 51)gt, Vi = [oVe1 + (1 - 62)%%

~ m; ~ Vi
mt:— Vt: .
1—pf’ 1-5;
_ nm;
Wt+1—Wt_‘AI s
t

(13)

@ possible improving directions:

use truncated sum / running average

use (approximate) second-order information
add momentum

("]
o
("]
e correct the bias of running average
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Advanced adaptive learning rates

Demo time!

wikipedia page “test functions for optimization”

https://en.wikipedia.org/wiki/Test_functions_for_optimization

Test functions for single-objective optimization problems [eai]

Name Plot

Ackley's
function:

Yingzhen Li (University of Cambridge)

' ’
Y 4
Sphere 3
function 3

Rosenbrock 2
function . .v

A

Formula

Flz.y) = —20exp (70.2‘/0.5 @2+ yi))

—exp (0.5 (cos (27mz) + cos (2my))) + € + 20

f@) =3 a2

n—1

1(@) = 3 [100 (s = 2)° 4 (2 - 17]

i=1

Adaptive learning rates Nov 26, 2015
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Advanced adaptive learning rates

Learn the learning rates

@ idea 3: learn the (global) learning rates as well!

W1 = Wy — N8, = W; = W(t7 7, W1, {gi}iff—l)

@ w; is a function of n
@ learn n (with gradient descent) by

7 = argmin Z fs(w(s,n))

s<t

@ Reverse-mode differentiation to back-track the learning process
[Maclaurin et al. 2015]

@ stochastic gradient descent to learn 7 on the fly [Massé and
Ollivier 2015]
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Advanced adaptive learning rates

Summary

@ Recent successes of machine learning rely on stochastic
approximation and optimisation methods

@ Theoretical analysis guarantees good behaviour
@ Adaptive learning rates provides good performance in practice

@ Future work will reduce labour on tuning hyper-parameters
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